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Flux-Coordinate Splitting Technique for
the Navier-Stokes Equations

R. M. C. So* and H. S. Zhangt
Arizona State University, Tempe, Arizona 85287

The method of fractional steps is used to split the unsteady, two-dimensional Navier-Stokes equations into a
set of Euler equations and a diffusion-type equation. A flux-coordinate splitting technique is used to solve the
Euler equations so that shocks and contact discontinuities are resolved sharply in gasdynamic flows. The
technique involves solving the Euler equations everywhere in the flowfield using a flux-vector splitting technique
except in small regions surrounding the contact discontinuities. In these regions, the method of fractional steps
is again used to split the Euler equations into a set of one-dimensional equations. These equations are then
transformed into Lagrangian form with no explicit density dependence in the spatial derivatives. Since the total
velocity and pressure are continuous across a contact discontinuity, the boundary conditions of the transformed
Lagrangian equations are automatically connected. Solutions of these equations, therefore, give a very sharp
contact discontinuity. All the equations—the one-dimensional Lagrangian, the two-dimensional Eulerian, and
the diffusion-type equations—are solved using a second-order accurate finite-difference scheme. Validations of
the technique are carried out with exact solutions of the flow in a shock tube and the mixing of two supersonic
streams at different initial pressures and densities. Good agreement is obtained, especially the infinite resolution
of the contact discontinuity. Furthermore, viscous effects do not seem to have a significant influence on the
resolution of the contact discontinuity.

I. Introduction

M ANY practical internal flow problems involve shocks,
contact discontinuities, and/or material interfaces. A

few of these examples are the flows in pressure-wave su-
perchargers, centrifugal compressors, and screw pumps where
the fluid changes phase. The simultaneous presence of shocks,
contact discontinuities, and/or material interfaces renders the
flowfields very complicated to calculate. For example, flux-
vector splitting techniques developed for one- and two-dimen-
sional external flows1"4 can be applied to solve the conserva-
tion-law form of the governing equations and allow shocks in
the flow to be captured as weak solutions to the equations.
Consequently, the difficulty of applying shock-fitting tech-
niques5'6 to arbitrary flows can be avoided, and an accurate
shock capturing technique is now available for two-dimen-
sional flows with shocks.3'4 These techniques have also been
successfully applied to internal flows.7"10 However, their appli-
cations to three-dimensional internal flows with shocks and
contact discontinuities remain a difficult task.

Even though the flux-vector splitting techniques can capture
shocks and contact discontinuities and are able to resolve cor-
rectly the locations and strength of the shocks, they fail to
correctly resolve contact discontinuities. The reason is that the
techniques lead to numerical diffusion and/or dispersion of a
contact discontinuity and hence numerical smearing. Tech-
niques where both shocks and contact discontinuities in one-
dimensional flows are resolved sharply have been proposed by
various researchers.11"15 Among the more notable examples are
the artificial compression method (ACM),11 the essentially
nonoscillatory scheme (ENO),12 the ENO/subcell and ENO/
ACM methods,13 and the random choice technique.14*15 All
these techniques are able to reduce numerical smearing to a
minimum when used to solve gasdynamic equations. With the
exception of the random choice technique, which gives infinite
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resolution to the calculated shocks and contact discontinuities,
the best resolution offered by other numerical methods, such
as ENO/subcell and ENO/ACM,13 is about three grid cells for
both shocks and contact discontinuities. In spite of its ability
to give infinite resolution for shocks and contact discontinu-
ities, the random choice technique has one drawback. Due to
the random nature of the technique, the calculated positions of
the shocks and contact discontinuities are only correct in an
averaged sense.16'17 In addition, the calculated rarefaction is
not smooth because of the technique's inherent randomness.17

This drawback could have a significant effect on the calcula-
tion of two-dimensional internal gasdyriamic flows where vis-
cous wall boundary conditions are required to be satisfied by
the governing equations, and the interactions of shocks and
contact discontinuities with wall boundary layers could result.
As for other techniques,11'12 the improved resolution is often
achieved through the use of higher-order accurate numerical
schemes. Therefore, there is a need for a simple technique that
can resolve shocks and contact discontinuities sharply and yet
does not require a numerical scheme that is third- or higher-or-
der accurate. Furthermore, it should be fairly easy to apply to
external as well as internal flow problems, such as those en-
countered in a pressure-wave supercharger.18

Recently, a flux-coordinate splitting technique has been pro-
posed for the capturing of shocks and contact discontinuities
in steady and unsteady one- and two-dimensional gasdynamic
flows.19 The technique employs flux-vector splitting1"4 to solve
the governing Euler equations over most of the flowf ield, ex-
cept in small regions surrounding the contact discontinuities.
Therefore, shocks in the flow can be captured with precision.
The method of fractional steps20'22 is applied to split the Euler
equations in the regions surrounding the contact discontinu-
ities. As a result, the split equations are one-dimensional and
the transformation of Richtmyer and Morton23 is generalized
to transform the set of split equations to Lagrangian form. In
the transformed equations, density does not appear explicitly
in the spatial derivatives. Therefore, the dependent variables
are continuous across the discontinuities and could be solved
using any finite-difference scheme without introducing numer-
ical smearing to the calculation of the discontinuities. The
contact discontinuities thus resolved are very sharp indeed.
Validations of the technique19 have been carried out with a
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one-dimensional shock tube flow, a converging cylindrical
shock flow and a steady, two-dimensional supersonic mixing
flow. In each of these cases, the contact discontinuity has been
calculated with infinite resolution, whereas the shock and ex-
pansion waves are resolved accurately compared with other
shock capturing schemes. These results are accomplished using
a conventional second-order accurate finite-difference
scheme. Therefore, a simple yet accurate shock and contact
discontinuity capturing scheme is now available for extension
to viscous gasdynamic flows.

The objective of the present paper is to extend the flux-coor-
dinate splitting technique19 to solve the Navier-Stokes equa-
tions. Various procedures to handle the viscous terms in a
finite-difference solution of the compressible Navier-Stokes
equations have been proposed.24'25 Since the flux-coordinate
splitting technique relies on splitting the Euler equations in
both time and spatial coordinates, it is rather tedious numeri-
cally to keep track of the viscous contributions in each of the
split equations. An alternative would be to use the recently
proposed split scheme for Navier-Stokes equations.26 How-
ever, for the present application, a logical approach to solve
the Navier-Stokes equations would be to apply the method of
fractional steps20'22 to first split the Navier-Stokes equations
into a set of Euler equations and a diffusion-type equation.
The flux-coordinate splitting technique could then be used to
solve the Euler equations, whereas the diffusion-type equation
could be solved using a finite difference scheme of comparable
accuracy. This way, the viscous terms in the Navier-Stokes
equations could be treated in a formal way without introduc-
ing unnecessary complication in the numerical scheme and the
flux-coordinate splitting technique could again be used to cap-
ture shocks and contact discontinuities accurately in a viscous
flow. The procedure has already been applied to calculate
practical flows with axial symmetry18 and could be extended to
three-dimensional flows.

II. Governing Equations
Unsteady, two-dimensional, laminar compressible flow of a

Newtonian fluid is considered. The Navier-Stokes equations
with velocity vector W = (Wx,Wy) in Cartesian coordinates
(x,y) can be concisely written as

dU dF(U) dG(U) 3HX 8Hy _
dy dx dydx (1)

where

U = (2a)

f = +p
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The perfect gas equation is given by

(3)

In these equations, p, p, and T are pressure, density, and
temperature, respectively, e is the total energy per unit
volume, 7 is the specific heat ratio, p is fluid viscosity, and
k is thermal conductivity. The fluid properties \L and k
are assumed to be temperature dependent. Their evaluations
are explained in Sec. IV when the sample calculations are
discussed.

The basic idea of the method of fractional steps20 is to apply
a time splitting to Eq. (1). This way, the Navier-Stokes equa-
tions are split into a set of Euler equations and a diffusion-

CONTACT
DISCONTINUITY

Fig. 1 Grid layout and the numerical treatment of the contact dis-
continuity.
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type equation that includes all the viscous terms. Following
this procedure, the split equations can be written as

d(U)f dF dG n_A_^+ + — = 0
dt dx by

dU dHx 3Hy

dt dx dy

(4)

(5)

where F9 G, Hx, and Hy are functions of ((/)/, which repre-
sents the solution of the Euler equations. However, (£/)/is not
the solution of Eq. (1). The solution of Eq. (1) is given by the
solutions of Eqs. (4) and (5), where Hx and Hy are evaluated
based on (£/)/• Therefore, Eq. (4) can be solved using either
the flux-coordinate splitting technique19 or other equally accu-
rate numerical schemes,13'27 and Eq. (5) can be solved by
conventional finite-difference schemes.

III. Flux-Coordinate Splitting Technique
The basic idea of flux-coordinate splitting is to use flux-vec-

tor splitting to capture shocks and contact discontinuities and
to use a Lagrangian technique to sharpen the captured contact
discontinuities in the flowfield. Therefore, in the following,
the flux-vector splitting technique is briefly described first.
This is followed by a discussion of the coordinate splitting
technique, the numerical algorithms used, and the numerical
procedure proposed for sharpening the contact discontinuity.
Since the stability and accuracy of the flux-coordinate splitting
technique has been analyzed, the interested reader is referred
to Ref. 19 for details.

Flux-Vector Splitting
Different flux-vector splitting schemes have been pro-

posed.1"4 Basically, the technique involves splitting the flux
vector into a forward and a backward contribution and is
usually accomplished by splitting the eigenvalues of the Jaco-
bian matrix of the full flux into negative and positive groups.
However, not all schemes produce continuously differentiable
split fluxes. One exception is the scheme proposed by van
Leer,2 which has since been generalized to two-dimensional
flows by Anderson et al.4 The present approach adopts the
scheme proposed by van Leer.2 Details of this scheme can be
found in Refs. 2 and 4.

Coordinate Splitting
The method of fractional steps20 is used to split Eq. (4) into

a set of one-dimensional equations

ld(U)f dF_
2 dt dx (6)

—— Exact Solution
—— ENO, Ref. 13

A FCS-E
O FCS-NS

Fig. 2 Density distribution in a shock tube flow for the high pressure
ratio case.

l d ( U ) f dG
2 dt dy (7)

where Fand G are functions of (£/)/- These equations still have
density appearing explicitly in Fand G. Therefore, a straight-
forward finite-difference solution of these equations will lead
to smearing of the contact discontinuities.2 Zhang and So19

proposed to generalize the Richtmyer and Morton23 transfor-
mation to transform Eqs. (6) and (7) to Lagrangian form with
no explicit density dependence in the spatial derivatives. The
generalized transformation can be written as

(8a)

(8b)

(9a)

(9b)

for the x direction and

2 \dt/L [_2 dt y dy\!

for the y direction, where the subscripts E and L are used to
denote the Eulerian and Lagrangian frame of reference, re-
spectively. In the transformation Eq. (8b), y is kept constant,
whereas x is kept constant in Eq. (9b). After applying the
transformations Eqs. (8) and (9) to Eqs. (6) and (7), the follow-
ing is obtained:

IdV dA(V) _
2 dt d£

2 dt

(10)

(H)

where

A =

ep~

P
0

(12a)

Wy

P

0

(12b)

(12c)

The subscript L has been dropped from (d/dt) and, as ex-
pected, p does not appear explicitly in A and B. This together
with the fact that p and \ W\ are continuous across a contact
discontinuity allows the discontinuity to be resolved sharply
even when Eqs. (10) and (11) are solved using finite-difference
methods.

Numerical Algorithms
Zhang and So19 use the alternating explicit upwind and Mac-

Cor mack scheme27 to solve the split flux equations. The



SEPTEMBER 1991 FLUX-COORDINATE FOR THE NAVIER-STOKES EQUATIONS 1421

scheme is second-order accurate and gives rise to a 3-4 grid cell
resolution of the shock. In addition, they use the MacCormack
scheme22 to solve the transformed Lagrangian equations and
show that the overall accuracy of the combined solution is
second order and that the numerical solution is fairly stable.
The contact discontinuity has been calculated with infinite
resolution, and there is no need to use higher-order numerical
schemes to improve the accuracy of the solution. Of course, a
third- or fourth-order accurate scheme could be used to solve
the split flux equations. To be consistent, an equivalent scheme
has to be used to solve the transformed Lagrangian equations.
Since this cannot improve the resolution of the contact discon-
tinuity any further, a more complicated numerical scheme is
not necessary. Consequently, there is no need to employ a
numerical scheme that is more than second-order accurate to
solve the governing equations.

In view of the preceding discussion, the numerical schemes
of Ref. 19 are applied to solve Eqs. (4), (5), (10), and (11) using
a fixed grid shown in Fig. 1. In Fig. 1, the index y is used to
denote increments along the x axis so that x =jAx. Similarly,
the indices k and n denote increments along the y axis and the
time coordinate so that y = kAy and t = nAt. The figure shows
the grid points at two time steps, those of n and (n + 1). Figure
la shows the situation where the contact discontinuity moves
within the same grid cell in one time step, and Fig. Ib illus-
trates the case where the contact discontinuity moves to a
different grid cell in one time step. The numerical procedure
used to handle these two different situations is explained in the
following section. For odd values of «, the explicit upwind
scheme is used to solve Eq. (4) and the finite-difference equa-
tions are

-77 ? _ A ^ r (F-\n fF+Vl
Ax

——Exact Solution
A FCS-E
O FCS-NS

Fig. 3 Energy distribution in a shock tube flow for the high pressure
ratio case.

Once Eq. (4) is solved, Eq. (5) is obtained from the finite-dif-
ference equation,

i an at-r I
(15)

\j,k

where Ufi1 = [U(jAx,kAy)}f is the solution of Eq. (4). In
discretizing the square bracketed term in Eq. (15), a central
difference scheme suggested by MacCormack25 is used. The
resultant finite-difference equations are too cumbersome,
therefore, they are not given here. Equations (10) and (11) are
solved by the MacCormack scheme22 and the finite-difference
equations are

j,k

T/Ti + !/2 _yj,k ~

__
A

At

(16a)

jjP) d6b)

(16c)

• — (lJn -4- T7n+l}• 2 \UJ,k + UJ,k }

At

At

At
2Ay (13b)

whereas for even values of n, the MacCormack scheme is used
to advance the solution. The finite-difference equations for
this scheme are the same as Eq. (13) with terms involving A2

and V2 set equal to zero. Here, U"t£l is the predictor value,
whereas U££l is the corrector value, F± and G ± are the split
fluxes of Fand G, respectively, and the forward and backward
difference operators are defined as

(14a)

(14b)

(14c)

(14d)

(16d)

The detailed procedure of solving Eqs. (13), (15), and (16) is
discussed next.

Sharpening of the Contact Discontinuity
The flux-coordinate splitting technique is used to sharpen

the contact discontinuity once it has been captured by the
flux-vector splitting technique, which is accomplished by solv-
ing Eq. (13). If the present technique is used to solve steady
flow problems, Eq. (13) is solved until the solutions at two
consecutive time steps are essentially identical. When the flux-
vector splitting solution is available, the location of the contact
discontinuity is determined as follows. The location of the
midpoint of the spread of the contact discontinuity is obtained
from the flux-vector splitting solution. It is taken to be the
approximate location of the contact discontinuity. The flux-
vector splitting solution is assumed to be the initial state of the
transformed Lagrangian equations, and Eq. (16) is used to
forward march to the next time step. The location of the
contact discontinuity at the new time step is given by

n+l =n=xn+

yn+l =yn

(17a)

(17b)

where ()" is used to denote the property at time step n At, and
xn and yn are known from the flux-vector splitting solution.
The Lagrangian grid points and their associated properties
thus determined are used to calculate the Eulerian properties at
the grid points surrounding the discontinuity. Here, two situa-
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tions can arise. The discontinuity can move within the same
grid cell (Fig. la), or it can move to another grid cell (Fig. Ib)
in one time step.

In the first case (Fig. la), the properties at (j,k)%+l and
(j,k + 1)£+1 are not known, where subscript E denotes the
Eulerian point. However, the properties at all other Eulerian
grid points are known from solving Eq. (13), and the prop-
erties at (j,k)nLl and (j,k + \)n£l are known from solving
Eq. (16). Here, the subscript L is used to denote the Lagran-
gian point. This means that the properties at the points
(j,k-2)n

E
+l

9 (j,k-l)n
E

+l, and (j,k)l+l can be used to inter-
polate the properties at (j>k)E

+l. Similarly, the points
(j,k + 3)£+ l,(j,k + 2)n

E
+1, and (/, k + 1)£+1 are used to extrap-

olate the properties at (/,& + l)E
+1. The location of the discon-

tinuity at the new time step is then corrected by solving

(18a)

(18b)

before advancing to the next time step.
In the second case (Fig. Ib), (j,k + 1)£+1 and (/, fc)J+1 are on

the same side of the discontinuity. If an extrapolation formula
is used to determine the properties at (j,k + l)E

+1, smearing of
the discontinuity would result because the points
(j,k + 3)£+1, (/,k + 2)n

E
+1, and (j,k)n

E
+1 are on the opposite side

of the discontinuity from (/,& + l)E
+l. Since p and | W\ are

continuous across a contact discontinuity, extrapolation
formulas can again be used to determine these properties at
(j,k + \)E

+ l. As for density at (j,k + \)n
E

+1, the approximation
is made that it is equal to the density at (j,k)n

L
+l. The energy

e at (j,k + \)n
E

+l is then determined from Eq. (3). Since the
points (/,£-2)!+1, (j,k-l)n

E
+l, (j,k)n

L
+l are all on the same

side of the discontinuity, interpolation formulas can be used
to determine all properties at (jfk)E

+l. The solution is forward
marched in time until steady-state condition is reached. At
this point, Eq. (15) is solved to give the final solution to the
problem.

The procedure described earlier for steady flow can also be
used to calculate unsteady flow problems. In this case, the
flux-vector splitting technique is first used to advance the solu-
tion to t = m At. Then the flux-coordinate splitting technique is
used to advance the solution to t=nAt where n>m. This
way, the error incurred by Eqs. (16) and (18) in the determina-
tion of the discontinuity location could be reduced to a mini-
mum, and the discontinuity could still be sharpened substan-
tially. It should be pointed out that Eq. (15) is solved at every
time step following the application of the flux-coordinate
splitting technique.

Finally, the question of shock crossing should be addressed.
This is discussed in detail in Ref. 19. Therefore, it only needs
to be pointed out here that when a shock crosses a contact

—— Exact Solution
—— ENO, Ref.13
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Fig. 4 Pressure distribution in a shock tube flow for the high pres-
sure ratio case.

Fig. 5 Mach number distribution in a shock tube flow for the high
pressure ratio case.

discontinuity, the flux-coordinate splitting technique is sup-
pressed for a few time steps to allow the flux-vector splitting
technique to handle the crossing problem. The effect of this
suppression on the overall calculation is negligible as demon-
strated by the analysis of Ref. 19. There are other methods to
deal with this problem; however, addressing the question this
way greatly simplifies the numerical complexities involved in
the calculation of the crossing between a shock and a contact
discontinuity.

IV. Results and Discussion
Two sample gasdynamic flow problems involving shocks

and contact discontinuities and with known exact Euler solu-
tions are chosen for validation of the present technique. One
is the gasdynamic flow in a shock tube. This is an unsteady,
one-dimensional problem; the exact solution of which is avail-
able in any standard text, such as Ref. 28. In addition to the
exact solution, the problem has also been calculated by various
researchers in an effort to verify their techniques. Conse-
quently, comparisons with other numerical calculations such
as ENO,13 ENO/ACM,13 and ENO/subcell13 are also carried
out. Another is a steady, two-dimensional mixing of two
supersonic streams. An exact solution of this problem can
be found in Ref. 29. The problem has also been solved using
different numerical techniques.30'31 Consequently, the present
solution can be compared with all these results, and the relative
merits of the proposed technique can be evaluated. Together,
these two sample problems allow the present technique to
be evaluated for its accuracy in the resolution of shocks and
contact discontinuities for steady and unsteady, one-and two-
dimensional viscous gasdynamic flows. Therefore, this paves
the way for the application of the technique to calculate inter-
nal gasdynamic flows where viscous effects are important near
a wall18

All calculations are carried out in a VAX 8650 computer.
For the shock tube problem, the calculations only take a few
seconds of CPU time to complete. On the other hand, the
two-dimensional problem requires about 6000 s of CPU time.
It takes 820 iterations to obtain a convergent solution to Eq.
(4) using the flux-vector splitting technique alone. Sharpening
the contact discontinuity using the flux-coordinate splitting
technique requires about 30 more iterations. Therefore, the
flux-coordinate splitting technique does not put a heavy bur-
den on the overall CPU time.

Shock Tube Flow
The governing equations for this problem are the same as

the two-dimensional equations but with Wy=Q and d( )/
d>>=0. In this case, coordinate splitting is not necessary be-
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Fig. 6 Density distribution in a shock tube flow for the low pressure
ratio case.

cause the Richtmyer and Morton transformation can be ap-
plied directly to Eq. (4) to transform it to Eq. (10). These
equations are used to solve an idealized shock tube problem.
The diaphragm used to separate the high pressure gas from the
low pressure gas is located at x/L =0.5, where L is the length
of the shock tube. At time t = Q, the diaphragm ruptures,
sending a shock followed by a contact discontinuity into the
low-pressure chamber, and an expansion wave into the high-
pressure chamber. The calculation are carried out assuming
perfect gas (7=1.4) for initial conditions of (p,Wx,p)L
= (1,0,1) and (p, WX9 p)R = (0.125, 0, 0.10) in the high- and
low-pressure regions, respectively, with a Ax /L =0.01 and a
time step of A* = CFL(Ax)/max(| Wx\ + 0). Here, CFL is a
constant, subscript L denotes the left side of the diaphragm
and R the right side. A CFL = 0.3 is chosen for all calculations.
To compare with the ENO results, a second calculation with
initial conditions of (p, Wz, />)L = (0.445, 0.698, 3.528) and
(p> Wx,p)R = (0.5,0, 0.571), respectively, is also carried out. In
carrying out these calculations, the fluid properties //. and k are
evaluated in the following manner. Mean p and k are defined
so that 2/1 = V.L + \LR and 2k = kL+kR, whereas the \IL, /*/?, kL,
and kR are calculated based on the temperatures on either side
of the shock or contact discontinuity. Once the mean /* and k
are determined, they are assumed constant in the governing
equations. The results are presented in terms of p/p0, e/e0,
P/PO, and Wx/a0 vs x/L at a fixed t, where a0,pot and p0 are
the sound speed, pressure, and density of the stationary high-
pressure gas and e0 =p0/[p0(y- !)]•

Figures 2-5 show the results of the case where the initial
pressure ratio is high. As for the case where the initial pressure
ratio is low, only the p/p0 result is given in Fig. 6. Up to six
different results are shown in these figures for comparisons. In
addition to the exact solutions, the present calculations using
Euler and Navier-Stokes equations are shown. The abbrevia-
tions FCS-E and FCS-NS are used to denote the flux-coordi-
nate splitting solutions of the Euler and Navier-Stokes equa-
tions, respectively. Besides these solutions, the ENO,
ENO/ACM, and ENO/subcell results extracted from Ref. 13
are also shown in Figs. 2-6. To minimize clutter, the ENO,
ENO/ACM, and ENO/subcell results are plotted in the same
figure but with the origin shifted by one or two divisions.
Furthermore, in each plot the exact solution is shown to facil-
itate comparison of the accuracy of each method.

It can be seen that the contact discontinuity is again calcu-
lated with infinite resolution (Figs. 2, 3, and 6); that is, the
number of grid cells over which the density variation occurs in
zero. This could be explained as follows. The present calcula-
tions solve Eq. (4) first, then the results are used to solve Eq.

(5) to include the viscous effects. According to Ref. 19, the
flux-coordinate splitting technique is capable of giving infinite
resolution to the contact discontinuity. Since central difference
is used to discretize the viscous terms in Eq. (5), a possible
smearing of the contact discontinuity could result. This will
depend on the relative magnitudes of the viscous stresses and
heat fluxes and their spatial derivatives. For air, JJL and k at
NTP are about 1.7 x 10~5 kg/m - s and 2.8 x 0~2 W/m • K,
respectively, and vary with temperature by a factor_of 2 over
a range of about 500°C. Furthermore, only fn, and k are used
in the calculations. On the other hand, p is of order 1 kg/m3

in the same temperature range. The present calculations show
that the spatial derivatives of the viscous stresses and heat
fluxes are very small compared to other terms in Eq. (5).
Consequently, the viscous terms do not contribute signifi-
cantly to the smearing of the contact discontinuity, and the
outcome is an indistinguishable difference between the FCS-E
and FCS-NS resolved contact discontinuity.

The ENO results13 show that the contact discontinuity is
smeared over several grid cells (Fig. 2), in spite of the use of
higher-order accurate numerical schemes. Resolution is im-
proved to 2-3 grid cells when the low initial pressure ratio case
is calculated (Fig. 6). This means that the accuracy of the ENO
scheme is problem dependent whereas the present technique is
not. On the other hand, the ENO/ACM and ENO/subcell
results give a 2-3 grid cell resolution of the contact discontinu-
ity for both cases and are in very good agreement with the
present calculations.

The shock is smeared over 6-7 grid cells (Figs. 2-6) as a
result of viscous effects and numerical truncation error. Essen-
tially, there is little difference between the FCS-E and FCS-NS
solutions. The expansion fan is calculated correctly with the
exception of some rounding at the knee (trailing edge of the
fan). Viscous effects also contribute to the rounding. Conse-
quently, the Navier-Stokes results show a slightly worse com-
parison with the exact solutions. The Euler solutions obtained
from the various ENO schemes give a resolution of 4-5 grid
cells for the shock and a rounding at the trailing edge of the
expansion fan. In view of this, the present technique compares
favorably with other numerical schemes in the calculation of
the rest of the flowfield. Therefore, it can be said that the
present technique represents an improvement in accuracy over
existing techniques because of its ability to calculate contact
discontinuities wtih infinite resolution. Another numerical
technique17 that is capable of calculating shocks and contact
discontinuities with infinite resolution is based on the random
choice method.14'15 However, that technique can only give the
averaged positions of the shocks and contact discontinuities.
Besides, its extension to two-dimensional, viscous internal
flow is not straightforward.

Mixing of Two Supersonic Streams
The idealized problem involves the mixing of two streams

with different initial pressures, densities and velocities sepa-
——Exact Solution
—— Ref.31

A FCS-E
O FCS-NS

0.00
0.00 0.25 0.50 0.75 1.00

Fig. 7 Density profile across the mixing layer a x/L =0.5.
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rated by a splitter plate. When steady state has been reached,
a shock is formed on the low pressure side downstream of the
splitter plate, while an expansion fan propagates into the high
pressure side. A contact discontinuity is formed in the flow
between the shock and the expansion fan. The calculations are
carried out for the following initial conditions: pressure and
density ratios of 4 and 2, respectively, a Mach number of
Mx = 4 on the low-pressure side and a Mx = 2.4 on the high
pressure side. Perfect gas with 7 = 1 .4 is assumed. These initial
conditions are the same as those reported in Refs. 30 and 31.
In Ref . 3 1 , a Lagrangian method is used to solve the equations.
Consequently, the results give a much sharper resolution of the
contact discontinuity compared to those given in Ref. 30.
Therefore, besides comparing with the exact solution,29 the
present calculations are also compared with the Lagrangian
results given in Ref. 31. Again, two sets of calculations are
made, one with FCS-E and another with FCS-NS. This way,
viscous effects on the smearing of the contact discontinuity can
be assessed.

The unsteady equations are solved and steady state solution
is achieved when the solutions of two consecutive time steps
are essentially equal. If At is the time step such that t = nAt and
Ax and Ay define the grid sizes such that x =jAx and y — kAy ,
then At is chosen to be

—— Exact Solution
—— Ref.31

A FCS-E
O FCS-NS

At = (CFL) min [(At)L 9(At)E]

where (At)L and (At)E are given by Ref. 19 as

(At)E = [«W2
X + W* + *)max(Ax -2 + Ay -2)

(At)L =

(19)

(20a)

(20b)

and A £ and AT; are the transformed AJC and Ay . In the follow-
ing calculation, Ax( = A^)-Ay ( = Arj) = Q.QlL are specified,
where L is an arbitrary length scale. The calculation domain is
chosen to be bounded by Q<x/L<\ and 0<^/L<1. A
CFL = 0.1 is found to give stable solutions, therefore this CFL
value is used for all calculations. In principle, nine-point inter-
polation and extrapolation formulas are required if the fluid
properties on either side of the contact discontinuity are to be
determined to second-order accuracy. However, according to
the procedure described earlier, only three-point interpolation
and extrapolation formulas are used. This choice affects nu-
merical accuracy and convergence rate but greatly simplifies
numerical complexities. Since the contact discontinuity is cal-
culated with infinite resolution, this sacrifice in numerical ac-
curacy is not important to the overall results. On the other
hand, a penalty has to be paid on the convergence rate. This is
why a CFL = 0. 1 is necessary for stable solution of the govern-
ing equations.

When the coordinate splitting technique is suppressed, the
flux-vector splitting technique is capable of capturing the
shock, the contact discontinuity, and the expansion fan. How-

P
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0.00

0.00

—— Exact Solution
—— Ref.31

A FCS-E
O FCS-NS

0.00 0.25 0.50 0.75 1.00

M

Fig. 8 Pressure profile across the mixing layer at x/L =0.5.

Fig. 9 Total Mach number (M) profile across the mixing layer at
jc/L=0.5.

ever, in this case the shock is captured within 4-5 grid cells and
the contact discontinuity is captured within 8-9 grid cells. The
location of the centerpoint of the spread of the contact discon-
tinuity is taken to be its approximate location and the coordi-
nate splitting technique is applied to sharpen the resolution of
the discontinuity calculation. This way, the difficulty of cap-
turing the contact discontinuity in the flux-coordinate splitting
calculation can be avoided and the location of the contact
discontinuity is captured to within one grid cell.19 Therefore,
the following calculations are first carried out with the coordi-
nate splitting technique suppressed and then again with the use
of the flux-coordinate splitting technique. These last results
are shown in Figs. 7-9. It should be pointed out that 820
iteration are required for the FCS-E solution, whereas 30 more
iterations are necessary for the FCS-NS calculations. There-
fore, most of the CPU time is spent on determining the base
solution. The sharpening of the contact discontinuity only
takes up a very small fraction of the total CPU time.

The present solutions are compared with the exact solution29

and with those obtained from a Lagrangian technique.31 These
results are plotted separately (displaced by one division in Figs
7-9) from the present calculations to avoid clutter. For ease of
comparison, the exact solutions are also shown in each plot
drawn in Figs. 7-9.

Up to now, the best resolution of the contact discontinuity
in this steady, two-dimensional flow is given by the method of
Loh and Hui.31 It is obtained by solving the Euler equations.
Even then, the resolution is no better than 3 grid cells (Fig. 7).
In Fig. 7, there is a mismatch in the x/L locations for the
present results and those of Ref. 31. The reason is that the
Lagrangian results are not obtained along the same y coordi-
nate. The extension of their method to handle Navier-Stokes
equations is not immediately obvious and has not been at-
tempted. The present technique gives an infinite resolution for
the contact discontinuity, and the methodology used to treat
the Navier-Stokes equations could be extended to three-dimen-
sional flows. This can be accomplished in the following man-
ner. The method of fractional steps is used to split the govern-
ing equations into a set of three-dimensional Euler equations
and a diffusion-type equation. The Euler equations could be
solved by a generalized flux-vector splitting technique9'32 to
provide a three-dimensional base solution for the application
of the FCS-NS technique. Therefore, the approximate location
of the contact discontinuity surface is again known. Since the
flux-coordinate splitting technique19 is formally based on the
method of fractional steps, it could be logically extended to
handle three-dimensional Euler equations. A straightforward
generalization of Richtmyer and Morton's transformation23

again allows the split equations to be transformed to Lagran-
gian equations with no explicit density dependence on the spa-
tial derivate. Therefore, the resultant equations can be solved
using the numerical procedure of Ref. 19.
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The calculation of the shock and expansion fan using the
present technique compares favorably with that of Ref. 31 and
with the exact solution (Figs. 8 and 9). As expected, the numer-
ical calculations show a Founding at the leading and trailing
edges of the expansion fan. Again, viscous effects do not
contribute to the smearing of the contact discontinuity (Fig. 7).
These results demonstrate that with proper treatment of the
equations before discretizing, numerical smearing of the con-
tact discontinuity could be eliminated even when a second-or-
der accurate finite-difference scheme is used. In addition, the
technique could be logically extended to three-dimensional
flows. These attributes argue well for the development of the
flux-coordinate splitting technique as an alternative for the
calculation of three-dimensional, viscous compressible flows.

V. Conclusions
A flux-coordinate splitting technique has been previously

formulated to treat unsteady, two-dimensional Euler equa-
tions.19 The technique is based on flux-vector splitting to cap-
ture shocks and on the method of fractional steps plus a gener-
alized Richtmyer and Morton transformation to sharpen
contact discontinuities in the flow. This combination gives an
accurate resolution of the shocks and an infinite resolution of
the contact discontinuities. The present paper extends this
technique to treat unsteady, two-dimensional Navier-Stokes
equations. A formal procedure based on the method of frac-
tional steps is used to split the Navier-Stokes equations into a
set of Euler equations and a diffusion-type equation. The
Euler equations are solved by the flux-coordinate splitting
technique, whereas a second-order accurate central difference
scheme is used to treat the diffusion-type equation. As ex-
pected, for gasdynamic flows, viscous effects do not con-
tribute to the smearing of the contact discontinuity and infinite
resolution of the contact discontinuity in a shock tube flow
and a two-dimensional supersonic mixing flow is again ob-
tained. In every respect, the results are comparable or better
than other numerical solutions, including those given by
ENO/ACM,13 ENO/subcell,13 and a Lagrangian method.31

The present technique has been applied to calculate practical
flows18 and can be extended to solve unsteady, three-dimen-
sional Navier-Stokes equations because the method of frac-
tional steps can be logically formulated to handle m-dimen-
sional flows. In view of this, it is an attractive alternative to the
more established numerical techniques.
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